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Abstract

In this paper, the forced convection heat transfer of incompressible, Power law Non-Newtonian fluids through two-
dimensional circular pipes in the presence of an external uniform magnetic field was considered. Moreover,
momentum and energy equations are solved using a finite volume method and a simple algorithm. T'wo cases of the
thermal boundary condition, a constant temperature and a constant heat flux at the wall, are investigated. The viscous
and Joule dissipations are taken into account in the energy equation. Moreover, the influence of the magnetic field
and flow behavior index (n) on the velocity distribution, the friction factor, and the Nusselt numbers is discussed.
Also, the influence of the viscous and Joule dissipations on the Nusselt numbers is investigated. The results show
that the magnetic field has a damping effect on the flow for all values of n. By increasing n, the maximum fluid
velocity and friction factor will increase. Increasing n increases maximum fluid velocity and friction factor. Increasing
the Hartmann number decreases maximum fluid velocity and increases the friction factor. Also, the increment in the

Brinkman number decreases the value of the Nusselt number for all Hartmann numbers and n.

Keywords: Magnetohydrodynamic flow, Forced convection, Power-law fluid, Simple algorithm.

1| Introduction

The study of Magnetohydrodynamic (MHD) viscous flows is important for industrial, technological, and
geothermal applications, such as high-temperature plasmas, cooling of nuclear reactors, MHD accelerators,
and power generation systems. On the other hand, several industrially important fluids, such as polymer
solutions and melts, rubber, blood, molten plastics, polymers, pulps, and foods, exhibit Non-Newtonian fluid
behavior. Due to the growing use of these non-Newtonian materials in various manufacturing and processing
industries, considerable efforts have been made towards understanding their flow characteristics. Min et al.
[1] studied analytically the fully developed laminar flow of a Bingham plastic in a circular pipe. Hossain [2]
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determined that viscous and Joule heating effects on MHD free convection flows with variable plate
temperature vary linearly with a distance from the leading edge in the presence of a uniform transverse
magnetic field. The equations governing the flow were solved numerically by applying the finite difference
method along with Newton's linearization approximation. Jha [3] studied the natural convection in unsteady
Couette motion.

The problem of MHD flow and heat transfer with variable viscosity for Newtonian fluids in a rectangular
duct with the Hall Effect has been investigated numerically by Sayed-Ahmed and Attia [4]. Sayed-Ahmed and
Attia [5] investigated the effect of Hall current on MHD flow and heat transfer for Bingham fluids in a
rectangular duct. Attia [6] investigated the Hall Effect on the Flow of a Dusty Bingham Fluid in a Circular
Pipe. The problem of Numerical solution of power law fluid flow and heat transfer with a magnetic field in a
rectangular duct and with velocity gradient dependent viscosity has been investigated numerically by Sayed-
Ahmed [7].

It is of interest in this paper to study the influence of the magnetic field as well as the Non-Newtonian fluid
characteristics on the friction factor and Nusselt number. The research has investigated the steady MHD
laminar flow and heat transfer of viscous and incompressible electrically conducting Power law fluids through
a 2D circular duct, where the fluid is subjected to an external uniform magnetic field. The momentum and
energy equations, including the viscous and Joule dissipation terms, have been solved numerically using the
finite volume method. The energy equation has been solved for a constant temperature and a constant flux
at the wall. The influences of the magnetic field and the characteristics of the Non-Newtonian fluid on the

velocity and temperature distributions have been studied.
2| Mathematical Model

A steady laminar and axisymmetric horizontal flow of a viscous incompressible electrically conducting non-
Newtonian Power law fluid in a duct of circular cross-section has been considered. The geometry of the
problem is shown in g 7, where the cylindrical coordinate system (r,z) is located as shown. An external
uniform magnetic field BO is applied arbitrarily in the plane perpendicular to the z-axis.

The magnetic field exerts a restraining force on the conductor, which tends to impede its motion. This force
is known to be proportional to its speed of motion and the magnetic field strength. The current flow in the
conductor generates Joule's heat [8].
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Fig. 1. Sketch of the problem.

The governing equations of the problem are:

Continuity equation



123 Moslemi | Mech. Technol. Eng. Insights. 2(2) (2025) 121-137

V.V =0. @
Momentum equation

pﬂzv.[w.vj—wﬁe. V)
Dt

Electromagnetic Lorentz force
Fe = jxBy. 3
Energy equation

DT v
pCPazv.(KV.T)+CD +@ . “)

Joule dissipation
" 2 2
@' =oB) U (©)

Current density

j=cE, ©)

where V=v8 +ug, is the velocity vector of the fluid. Assuming a small magnetic Reynolds number

(Rem<<1), neglecting the induced magnetic field, and also assuming that there is no excess charge in the
electrically conducting fluid guarantees that the induced electric field is negligible [3], [8]. An apparent viscosity

is used for analogy, Non-Newtonian fluid (power law) to Newtonian fluid, given by

.n-1_. Ou
p=mj" = Q)

The boundary conditions are given by

u(r=R,2)=0, (6_uj =0,
o1 Jr=0

ou
, :0 = , —_—
u(r,z=0) u, 5

@®)

Z:1:O.

The following two cases of the thermal boundary conditions are considered.

Case 1. A constant temperature at the wall where,

oT
T(R,z) =Ty , (El_ozo, , T(r,z=0)=T0. &)

Case 2. A constant heat flux at the wall, where
" oT
q =Cte, — =0 ,T(r,z=0)=T.. (10)
ot Jr=o 0

Due to the axisymmetry of the problem, only one half of a cross-section of the duct (0SR<1/2 and 0<L<15)

was considered.
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Governing equations in the cylindrical coordinate system in two-dimensional forms have been written in the

non-dimensional form, while the following non-dimensional variables and parameters were introduced [8]:

2

—p, - (oUYT - nl
U==, v=—, p=2=h “2(_j u=t =T R=C 222

u, u, pous O0R W, - D’ D D
p, u,D M,C , oBD’
Re=—2"" Pr=—2" Ha’=—"—,
M, k M,
where
_ 2

Casel. 0= -1, , Br= attiar) ,and
T, - T, k(TW—TO)
T-T, w,.u’ . . . .

Case 2. 0=— , Br == Thus, governing equations in dimensionless form are
qD/k Dq

Continuity equation

1avR), U
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z- momentum equation
_ _ 2
(/4 R 0Z Re|ROR 0R ) 0Z\ 0JZ Re

r- momentum equation
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Energy equation
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where @, viscous dissipation

3, B H[a_vy+(a_vj+(z)j+(a_v+6_vﬂ )
' Re.Pr oz R R 8z R ) [

where @, Joule dissipation

2
o, - Br.Ha v
Re.Pr

(16)

Adding the continuity equation with the momentum and energy equation, the source term S has been

introduced.
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S=(S,R, ARAZ)®, +S.R, AR AZ,

Where the soutce term, S, has been linearized in the usual manner and @ is a general variable which can be
replaced by U, V, or 6 and I is the diffusion coefficient. Equations are discretized, using finite volume,
where convection terms are discretized by the upwind method (Fig. 2).

Fig. 2. Control volume for two-dimensional situations.
a,d, =a, P, +a,, 0, +a, P, +a,Dg +Db, (18)
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A new operator ("A, B") has been defined where (|

A,B

|) denotes the greater of A and B. The boundary

conditions for the velocity are given:

ou

oU
UR=05,2)=0, | — =0, UR,Z=0)=1, —‘ =0.
( ) ( GRJRZO RZ=0)=1. |, | (19)

The boundary conditions for the temperature are given:

Case 1. A constant temperature at the wall,

0(R=0.5,2)=1, (ﬁj =0,
r=0

OR (20)

0(r,z = 0) = 0.

Case 2. A constant heat flux at the wall,
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2 ()
R~ \0R)pg (1)
O(R,Z=0)=0.

The f.Re factor is defined as the product of the friction factor and the Reynolds number in the fully developed
region and given by

f.RezRe.D(—%)/(O.Spué). (22)
z

The local Nusselt number for the two cases is given by

Case 1.
00
Nu,=—| (23)
IR |5
Case 2.
1
Nu, = 0 (24)
w
Where the average Nusselt number, Nu, for the two cases is given by
hD D(1)¢ i
Nu, =—==| — |[hdZ=—[Nu, dz (25)
k k\L)j L3

The continuity, momentum, and energy equations are solved using a finite volume method and a simple
algorithm in which convection terms are applied using the upwind scheme [9]. An iterative procedure
algorithm has been used to solve the momentum continuity and energy equations.

The process is repeated until the criteria of convergence for the continuity equation, which is less than 10-¢
are satisfied. For the thermal boundary condition, the process is repeated until the criterion of convergence

(0™ —0°1)/0™" <107 is satisfied for temperature. The convergence is achieved by taking 302400 mesh

points for both hydrodynamic and thermal parts.
3| Results and Discussion

Table 1 and Table 2 compare the values of the fluid velocity and (f.Re), in mid-line, with analytical results in
Refs [10], for nonmagnetic. The comparison shows a very good agreement between those.

Table 1. Comparison values of the U velocity.

n 0.5 075 1 1.25 1.5
Unax numerical 1663 1855 199 2107 2195
Unnax (analytical) 1666  1.857 2 2.11 22

Table 2. Comparison value of f. Re.

n 0.5 0.75 1 1.5
fRe 25.275 40369 6391 158.72
fRe (analytical)  25.298 40.409 64 15878
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3n+1
Umax = . (26)
n+1
n
fRe:8x2n(3n+lj :
n

Fig. 3 shows the variation of f.Re with Ha number (indicated power of magnetic field) for various values of
n. Fig. 3 shows that increasing the degree of shear of the fluid decreases the wall shear rate, where n becomes
smaller, causing the viscosity to decrease even faster. The shear stress is the product of the shear rate and the
viscosity; therefore, there will be a net increase in wall shear stress (i.e., f.Re). It is also found that increasing

the Hartmann number increases the wall shear rate, causing an increase in wall shear stress (i.e., f.Re).
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Fig. 3. Variation of f.Re with the Hartmann number.

Fig. 4 presents the variation of the maximum velocity U for the fully developed region. Due to the damping
effect of the magnetic field, increasing the Hartmann number decreases the maximum velocity. Fig. 4 also
shows that increasing n increases the viscosity and wall shear stress, causing an increase in the maximum
velocity.
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Fig. 4. Variation of Up.x versus Ha.

The variation of the velocity U for the fully developed region of a circular cross-section with the radius R
with respect to various values of Ha and n is shown in Figs. 5-70. Figs indicate that increasing Hartmann
number decreases U for all values of n. Increasing the flow index n increases U for all values of the Hartmann
number.
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The velocity profile U becomes increasingly flattened with R for large values of Hartmann number (Ha=9)
and shear thinning fluid (n=0.5), which is due to the damping effect of the magnetic field. F7g. 5 indicates that
for R<0.33, increasing the Hartmann number decreases velocity.

] 01 02 g 03 04 05

Fig. 5. Variation of U velocity versus R (n=0.5).
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Fig. 7. Variation of U velocity versus R (n=1.5).
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Fig. 9. Variation of U velocity versus R (Ha=6).
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Fig. 10. Variation of U velocity versus R (Ha=9).

Figs. 11-16 show the variation of the average Nusselt number, Nu, for two defined cases with Hartmann
number for various values of viscosity index, Pr, and Re, where the dissipation terms are assumed to be
negligible for Br=0.
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Figures show that increasing n decreases the average Nusselt number for all values of Hartmann number.
However, increasing the Hartmann number increases Nun, while increasing the Reynolds or Prandtl number
increases Nup.

Hum

55 { Re=10 ,Pr=3000, Br=0
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13 T T T T
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Fig. 11. Variation of Num versus Ha [case 1. Br=0, Pr=3000 & Re=10].
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Fig. 12. Variation of num versus Ha [case 1. Br=0, Pr=6000 & Re=10].

Fig. 13. Variation of num versus Ha [case 1. Br=0, Pr=3000 & Re=30].
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Fig. 14. Variation of num versus Ha [case 2. Br=0, Pr=3000 & Re=10].
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Fig. 15. Variation of num versus Ha [case 2. Br=0, Pr=6000 & Re=10 ].

Hurmn

Re =30 ,Fr =3000, Br=0

5
4
43-
g
] :4'_._#_—'_______.
2 : . . .
0 2 s B g 2

Fig. 16. Variation of num versus Ha [case 2. Br=0, Pr=3000, & Re=30].

The fact is that increasing the Hartman number or decreasing the viscosity index value decreases the wall
shear rate, which causes an increase in thermal diffusion at the wall and follows an increase in Nusselt number.

Variation of the average Nusselt number, Nun, with Hartmann number and viscosity index, for Case 7, is
shown in Fjg. 17 and Fig. 18, respectively. Figs show, for Br=0, increasing viscosity index and decreasing Nup,
while increasing Hartmann number increases Nug. Variation of Nug versus Ha is more considerable for n<1.
When Br=0.5, for small Hartmann (Ha<1), increasing n increases Num, while for Ha>1, a reversed effect can
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be seen. When Br=1, increasing n increases Nun. Increasing Hartmann number decreases Nun, up to n=0.65,
while for n > 0.65, Nuy, increases gradually.

Num
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Fig. 17. Variation of num versus Ha [Pr=3000& Re=10]
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Fig. 18. Variation num versus n for Pr=3000, Re=10
Casel. —- n=0.5, —n=1.5, oBr=0, ABr=0.5, *Br=1.

The variation of the average Nusselt number, Nun, with Hartmann number and viscosity index for Case 2 is
shown in Fig. 79 and Fig. 20, respectively. Figs show, for Br=0, increasing n decreases Nun, while increasing
Ha increases Num. For Br = 0.5 and 1, increasing Ha decreases Nun, while increasing n increases Num. Figs.
17-20 also indicate that increasing the Brinkman number decreases Nup, for all values of Ha and n.
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Fig. 19. Variation of num versus Ha for Pr=3000, Re=10,
Case 2. - - -Ha=0, —Ha=9, cBr=0, ABr=0.5, *Br=1.
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Fig. 20. Variation of num versus n for Pr=3000, Re=10,
Case 2. - —-Ha=0, —Ha=9, oBr=0, ABr=0.5, *Br=1.

Variation of the local Nusselt number for Case 7 and Case 2 versus the length of the pipe for different Br
numbers is shown in Figs. 27-23. Figs present that increasing Br decreases the local Nusselt number. Fig. 22
shows, for Br=1, at the end of the length of pipe (from 13.25 up to 15), there is a heat transfer from fluid to
the wall.
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Fig. 21. Variation of local Nusselt versus length [Case
1] oBr=0,+ Bt=0.5, *Br=1.
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Fig. 22. Variation of local Nusselt versus length
[Case 2] oBr=0,+ Br=0.5, *Br=1.
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Fig. 23. Variation of local Nusselt versus length

[Case 1. o0Br=0,+ Br=0.5, *Br=1].
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Fig. 24. Variation of local Nusselt versus length
[Case 2. oBr=0,+ Br=0.5, *Br=1].

The phenomenon can be explained by the fact that the heat generated by dissipation terms causes an increase
in fluid temperature and results in a heat transfer from fluid to the pipe wall, consequently decreasing the
Nusselt number.

4| Conclusion

The steady laminar MHD flow of a viscous and incompressible conducting Non-Newtonian power law fluid
in a circular duct was studied. The momentum and energy equations for two cases of thermal boundary
conditions were solved numerically using the finite volume method. The effects of the magnetic field
(Hartmann number) and the Non-Newtonian fluid characteristics (flow behavior index) on the flow and the
heat transfer were discussed. Comparing the numerical results with analytical results for values of the
maximum fluid velocity and friction factor for nonmagnetic reveals a good agreement.

The results show that the magnetic field has a damping effect on the flow for all values of the viscosity index,
n. The increment in the Brinkman number decreases the value of the Nusselt number for all Hartmann
numbers and viscosity index for two cases of thermal boundary conditions. Increasing the Hartmann number
decreases maximum fluid velocity and increases the friction factor. Increasing the viscosity index increases
maximum fluid velocity and friction factor.
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Appendix

Nomenclature

BO0: magnetic field.

Br: Brinkman number.

Cp: specific heat.

D: diameter of pipe.

E: electric field.
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F: friction factor.

Fe: external magnetic force.

Ha: hartmann number.

J: current density.

K: thermal conductivity.

I: length of pipe.

m: consistency index of the model.
n: flow behavior index.

Num: average Nusselt number.
Nur, Nug: local Nusselt number.
P: pressure.

Po: reference pressure.

Pr: prantl number.

q": heat flux.

R: radius of pipe.

r,z: cylindrical coordinates.

Re: Reynolds number.

Rem: magnetic Reynolds number.
T: temperature.

To: reference temperature.

Tw: temperature at the wall.

u: z component of the fluid velocity.
v: £ component of the fluid velocity.

Greek symbols

AZ, AR: step size in Z and R coordinates.

G : electric conductivity.

L : apparent viscosity.

U, : reference viscosity of power law fluid.

u : dimensionless apparent viscosity.

1
® : viscous dissipation.

"

@ :joule dissipation.
p,: reference density.
p : density.

0 : dimensionless temperature.
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@ : general variables.

v : shear rate.



