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Abstract

In the present study, combined convection heat transfer in the boundary layer flow of a non-Newtonian fluid with
internal heat generation or absorption over a vertical wavy surface is investigated. A coordinate transformation is
employed to convert the governing equations from the wavy geometry to an equivalent flat surface. The transformed
boundary layer equations are solved numerically using the finite difference method. The effects of key parameters,
including the heat generation/absorption parameter, wave amplitude, generalized Prandtl number, and power-law
viscosity index, are examined through variations of the local and average Nusselt numbers as well as the skin friction
coefficient. The results indicate that increasing the heat generation parameter leads to fluid heating and a

corresponding reduction in the heat transfer rate in non-Newtonian fluids.
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1| Introduction

In recent years, non-Newtonian fluids have found widespread applications in various industrial processes,
particularly in thermal and cooling systems, such as polymer processing, plastic melting, and the enhancement
and optimization of heat exchanger performance. Understanding heat transfer characteristics in such fluids is
therefore of significant importance. Most previous investigations on non-Newtonian fluids have been
conducted over smooth surfaces. However, heat transfer over wavy surfaces is of greater practical relevance

due to the surface irregularities commonly encountered in engineering applications such as solar collectors,
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condensers, and industrial heat exchangers. Consequently, the present study focuses on heat transfer over
wavy surfaces. The eatliest investigations in this field were carried out by Kim [1], who studied natural
convection heat transfer over vertical wavy surfaces in non-Newtonian fluids. He reported that increasing the
non-Newtonian power-law index reduces the boundary layer thickness. Moreover, the heat transfer

coefficient increases for dilatant fluids while it decreases for pseudoplastic fluids.

Yang and Chen [2] examined natural convection heat transfer of non-Newtonian fluids over wavy surfaces in
the presence of a magnetic field. Using a cubic spline method to solve the transformed equations, they showed
that the temperature gradient in dilatant fluids is higher than that in pseudoplastic fluids. They also observed
that increasing the magnetohydrodynamic parameter increases fluid temperature while reducing the velocity.

Wang and Chen [3] investigated combined convection boundary layer flow with magnetohydrodynamic
effects over wavy surfaces with various inclination angles. They demonstrated the existence of two harmonics
in the Nusselt number and skin friction distributions, where the first harmonic arises from pressure gradients
and the second from diffusion and centrifugal forces. Furthermore, they studied combined convection heat
transfer of non-Newtonian fluids over wavy surfaces [4], revealing that the thermal behavior near the leading

edge differs from that in the downstream region.

Jang and Yan [5] analyzed combined heat and mass transfer over a wavy surface, while Molla and Hossain [0]
studied the combined effects of radiation and mixed convection over a wavy surface. Hady et al. [7]
investigated magnetohydrodynamic natural convection with heat generation or absorption, and Tashtoush
and Al-Odat [8] explored MHD effects over compound wavy surfaces.

Elgazery and Abd Elazem [9] numerically studied unsteady MHD natural convection heat and mass transfer
over a vertical wavy surface with temperature-dependent viscosity and thermal conductivity, reporting that
variations in fluid properties and magnetic field strength significantly affect the velocity, temperature, and
concentration fields, as well as the local skin-friction, Nusselt, and Sherwood numbets.

Parveen and Alim [10] numerically investigated MHD natural convection of a viscous incompressible fluid
along a uniformly heated vertical wavy surface with temperature-dependent viscosity, using a Keller—box
scheme, and demonstrated that variations in viscosity and magnetic field strength significantly influence the
velocity and thermal boundary layers, leading to notable changes in the local skin-friction coefficient and
Nusselt number.

Nath and Parveen [11] numerically studied MHD natural convection along a vertical wavy surface considering
viscous dissipation and internal heat generation, and reported that the viscous dissipation, heat generation,
and magnetic field parameters significantly affect the velocity and temperature distributions, leading to

marked variations in the local skin-friction coefficient and Nusselt numbet.

Islam and Parveen [12] analyzed MHD natural convection along a uniformly heated vertical wavy surface
considering viscous dissipation and Joule heating, and showed that the Eckert number, Joule heating, and
magnetic field parameters significantly modify the velocity and temperature fields, resulting in notable
variations in the local skin-friction coefficient and Nusselt number.

Amin [13] numerically investigated steady MHD natural convection along a uniformly heated vertical wavy
surface, including Joule heating, internal heat generation, and viscous dissipation, using the Keller—box
method, and demonstrated that these thermal and magnetic effects, as well as surface waviness, strongly
influence the velocity and temperature fields, resulting in significant variations in the local skin-friction
coefficient and Nusselt number.

Mirzaei Nejad et al. [14] numerically investigated MHD mixed convection of electrically conducting power-
law fluids over an isothermal vertical wavy plate and showed that the applied magnetic field suppresses the
velocity field, leading to a reduction in both the Nusselt number and skin-friction coefficient, with more
pronounced effects for pseudoplastic fluids (n<1)(n<1)(n<1), while the wavy geometry significantly alters
the local heat transfer characteristics.
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Heat generation or absorption in fluid flow is an important phenomenon, particularly in chemical reactions,
nuclear reactors, and electronic devices. Internal heat generation alters the temperature distribution within
the fluid, affecting heat transfer characteristics. Following the work of Vajravelu and Hadjinicolaou [15], the

volumetric heat generation term is modeled as

o= Q(T-T,) T>T,

) 1
0 T<T, M

where Qo represents the heat generation or absorption coefficient. This formulation accounts for cases where

the internal fluid temperature deviates from the ambient temperature.

In this study, combined convection boundary layer flow of a non-Newtonian fluid with internal heat
generation or absorption over a sinusoidal vertical wavy surface is analyzed. A coordinate transformation is
employed to map the wavy surface onto a flat one, and the transformed governing equations are solved
numerically using the finite difference method. The effects of the heat generation/absorption parameter,
wave amplitude, power-law index, Richardson number, and generalized Prandtl number on the Nusselt
number and skin friction coefficient are investigated. Comparisons with Newtonian fluid results are also

presented.
2| Mathematical Formulation

The steady boundary layer flow of a non-Newtonian fluid over a semi-infinite vertical wavy surface is
considered. The geometry of the vertical wavy surface is described by

S(x)=asin’(nx/L), )

where a denotes the wave amplitude, L is the wavelength. The wavy surface is maintained at a constant
temperature Ty, , which is higher than the ambient fluid temperature Tw. The free-stream velocity and the
inlet velocity at the leading edge are assumed to be uniform and equal to Ue.

Fig. 7 illustrates the physical model and the coordinate system. The x-axis is taken along the wavy surface in

the direction of the flow, while the y-axis is normal to the surface.

Fig. 1. Physical model and the coordinate system.

The flow is assumed to be laminar, incompressible, steady, and two-dimensional. Viscous dissipation effects
are neglected. The Boussinesq approximation is employed in the momentum equation to account for
buoyancy effects. Under these assumptions, the governing equations for mixed convection heat transfer of a
non-Newtonian fluid with internal heat generation or absorption are written as follows:
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The boundary conditions are:
1. On the wavy sutface u=v=0, T=T\.
II.  In the free stream u—Ucx, T—Tw at y—00.

In the above equations, U and Vv are the velocity components in the x and y directions, respectively; o is the
fluid density; p is the pressure; Cp and_P is the specific heat at constant pressure; K and n are the consistency
and power-law indices, respectively; § is the thermal expansion coefficient; and Qo denotes the heat generation

or absorption coefficient.
2.1| Coordinate Transformation and Non-Dimensionalization

To simplify the numerical treatment of the wavy surface, the Prandtl-type coordinate transformation
proposed by Yao [16] is employed to map the wavy surface onto an equivalent flat surface. The non-

dimensional variables are defined as:
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Substituting the non-dimensional variables defined in Eg. (6) into Egs. (2-5), the transformed governing
equations become:
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where Ri is the Richardson number, Pr is the generalized Prandtl number.

+Qo, (10)

Since Eg. (9) indicates that the pressure gradient in the Y-direction is of the order of O (Refl/ (o) ) , the pressure

gradient can be obtained by solving the inviscid flow equations, yielding:

P

=—(1+S?)U_U" +S'S"U > . 11
B =(1+8")U, U, +SSUL, an

By eliminating the pressure gradient from Egs. (8) and (9), the transformed momentum equation can be
written as:

"
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2.2 | Similarity Transformation

Since the leading edge represents a singular point, the following transformations are introduced to remove
the singularity [6]:

1 -1
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Substituting Eq. (13) into Egs. (7), (10), and (12), the final governing equations suitable for numerical solution
are obtained as:
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The corresponding boundary conditions are:

at y=0,0=1, u=v=0. (16)

at y—>00,0—>0, u—>1.
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2.3 | Surface Velocity Determination

The last step is to obtain the velocity of the surface. Yao [16] and Ghosh Moulic and Yao [17] investigated
the velocity of inviscid flow and obtained an expression for the stream function, which had a good result for
a small amplitude of wavy surface. In the present study, to obtain a more accurate solution for a higher
amplitude wavelength ratio, a streamline function y was introduced. The transformed coordinates have been

used to solve the potential flow and to determine the surface velocity. The streamline equation and the

transformed coordinate can be written as follows:

x=X n=y-S(X). (18)
Substitution of Eg. (17) into Eq. (18) yields the transformed equations for numerical solution using the SOR
method. The surface velocity is then obtained as:

2 2 2

TY_gN g TV, (1457) Y (19)

ox on oxan on

and consequently

“ = (20)

n=0
2.4 | Heat Transfer and Skin Friction Parameters
Using Newton’s law of cooling and Fourier’s law, the local Nusselt number is defined as:

%("”) %(nﬂ) 1
(iJ Nug = —(L) Uw%n“) (1 +8” )% *
Gr,

Rix @)

y=0

The average Nusselt number from the leading edge to a given position X is computed as:
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The skin friction coefficient is expressed as:
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3 | Numerical Solution Method

(22)
dx.

y=0

(23)

The dimensionless Egs. (13)—(15) are solved to obtain U and 6 using a fully implicit finite difference numerical
method. Central difference schemes are employed for the diffusion terms and transverse heat transfer, while
a backward difference scheme based on the upstream flow is used for the streamwise heat transfer. The
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governing equations are treated as unsteady until the flow reaches a steady-state regime. After discretization,
the resulting algebraic equations are written in the form of a tridiagonal matrix as follows:

n+l n+l n+l
A; Q +B, Q" +C Q" ., =D, (24)

i,j-1

where the terms Q are replaced by the corresponding expressions U and 6. Eg. (24) has a tridiagonal form
and can be readily solved using the Thomas algorithm. The solution procedure is continued until the desired
convergence criterion is achieved, which is defined as:

o -Qr .

max

4| Results and Discussion

In the present problem, since the variations of velocity and temperature gradients are more pronounced near
the wavy surface in the y direction and also near the leading edge of the plate in the X direction, a finer grid
is employed in these regions.

An important issue in numerical simulations is ensuring that the number of grid points is sufficient. To obtain
an adequate grid resolution, the computations are initially performed using a coarse grid, and then the number
of grid points is gradually increased until further refinement has a negligible effect on the results. For the
present study, grid sizes of 80x70, 150%, 200x120, and 250x150and 250x150 are used. The results for the
local Nusselt number show that the difference between the 200x120and 250X150 grids is less than 2%.

To verify the numerical accuracy of the present solutions, the local Nusselt number and skin-friction
coefficient for the power-law indices n=0.5 and n=1 are presented in a table for Pr=10. In all cases, an
excellent agreement is observed between the present results and those reported by Wang and Chen [3],
confirming the accuracy and reliability of the numerical method used in this study.

Table 1. Comparison results for Pr, = 10,0 = 0.2 , Ri =50.

(4/6r,0)""" Ny, Ri” (Gr, /2(n+1)x) """ C,
Present Wangand Present Wang and Present Wangand Present Wang and
Chen [3] Chen [3] Chen [3] Chen [3]

n=1.5 n=1.5 n=0.5 n=0.5 n=1.5 n=1.5 n=0.5 n=0.5
X=1 1.06475 1.07523 1.22493 1.23568 0.96418  0.95629 0.625465  0.633329
X=15  1.06363 1.06973 1.38154 1.40027 1.06180  1.04536 0.622462  0.635871
X=2.0  1.00626  0.99987 1.31376 1.32065| 0.99479  0.98761 0.560732  0.57322
X=3.0  0.96642  0.97332 1.364818 1.37263 1.02584  1.01096 0.528773  0.53265

The effect of heat generation or absorption on the heat transfer rate is illustrated in Fig. 2 through the variation
of the local Nusselt number for Q=—0.2-0.2, and Ri=10. It is observed that the heat transfer rate from the
heated surface decreases with increasing heat generation parameter. Since heat generation increases the fluid
temperature near the surface (Fig. 3), this reduction is expected. In contrast, in the presence of heat absorption
(Q<0), a layer of cooler fluid forms near the heated surface, resulting in an enhancement of the heat transfer
rate.
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Fig. 2. Axial distribution of the local Nusselt number (4/ Gr, )l/z(nH) Nu,
for «=0.1, Ri=10, Pr=20, n=0.8, and different Q.

1 T T T T T
0.9 - n=0.8 ,
Q0.2
: —- Q=01
o8t W™ 0 S0 g
3 —-- Q=01
0.7} \\\ e 8:_0.3 4
\\\
0.6 \\ g
@ 05| TR .
0.4 A
4l R R
03} W B
02 g
01f ]
ol v v T —

0 0.08 0.16 024 032 04 048 056 0.64 0.72 038
Y

Fig. 3. Temperature profiles for «=0.1, Ri=10, Pr=20, n=0.8, and different Q.

Fig. 4 and Fig. 5 illustrate the effect of the Prandtl number on heat transfer and hydrodynamic characteristics
through the distributions of the local Nusselt number and skin friction coefficient for Ri=50, «=0.15, and
Q=0.1, considering a power-law non-Newtonian fluid with different viscosity indices. The results indicate
that increasing the Prandtl number leads to a reduction in the skin friction coefficient. This behavior can be
attributed to the enhanced sensitivity of the fluid to buoyancy forces as the Prandtl number increases, which
induces more pronounced variations in the near-wall velocity gradient (Fig. 6). Consequently, the wall shear

stress is altered, resulting in noticeable changes in the skin friction coefficient.

On the other hand, an increase in the Prandtl number causes a reduction in the thermal boundary layer
thickness. Since the wall temperature is kept constant, the temperature gradient at the wall becomes steeper
(Fig. 7), which directly enhances the local Nusselt number. The influence of the power-law viscosity index is
also evident in Fjg 4 and Fig. 5. Near the leading edge of the plate, the dilatant fluid (n=1) exhibits a higher
local Nusselt number compared to the Newtonian (n=1) and pseudoplastic (n=0) fluids. However, as the
flow develops downstream, the local Nusselt number gradually decreases and reaches a minimum value. In
contrast, the opposite trend is observed for the skin friction coefficient. The dilatant fluid shows a lower skin
friction coefficient near the leading edge compared to the Newtonian and pseudoplastic fluids, whereas its
value increases progressively in the downstream region. It should be noted that for the wavy surface, forced
convection dominates the heat transfer mechanism in the vicinity of the leading edge, while natural convection
becomes the prevailing mode further downstream. The acceleration of the fluid in the downstream region



Mixed convection heat transfer of a non-newtonian power-law fluid over a vertical... 218

significantly modifies the wall shear stress distribution, thereby affecting both the skin friction coefficient and

the heat transfer rate.

o
%
T

!

(4/Gry) 2 DNy,

0.4 ! L ! L ! L !

Fig. 4. Axial distribution of the local Nusselt number
(4/Gr, )‘/ ) Nu_ for Q=0.1, x=0.15, Ri=50, Pr=1.10, and

different power-law indices.
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Fig. 5. Axial distribution of the skin friction coefficient Rr‘[ Gr J%m”
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for Q=0.1, x=0.15, Ri=50, Pr=1.10, and different power-law indices.
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Fig. 6. Temperature profiles for Q=0.1, «=0.15, Ri=50, Pr=1-
10, and different power-law index in x = 0.75.
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Fig. 7. Velocity profiles for Q=0.1, x=0.15, Ri=50, Pr=1-10,
and different power-law index in x = 0.75.

Fig. § and Fig. 9 present the axial distributions of the local and average Nusselt numbers for Q=0.1, Ri=50,
Pr=10, considering different viscosity indices of the non-Newtonian fluid as well as different wave
amplitudesa=0.0, 0.1, and 0.20.

The results show that, similar to free convection heat transfer investigated by Kim [1], except in the vicinity
of the leading edge, the ratio of the wave amplitude to the local Nusselt number and the skin friction
coefficient is approximately half of the wave amplitude of the wavy surface. Moreover, increasing the wave
amplitude leads to a reduction in both the local Nusselt number and the skin friction coefficient.

The average Nusselt number also exhibits a periodic behavior; however, its oscillation amplitude is smaller
than that of the local Nusselt number. In addition, the average Nusselt number for the wavy surface is higher
than that of the flat surface. This enhancement can be attributed to the larger effective heat transfer area
provided by the wavy geometry compared to the flat plate, which results in an overall increase in the heat
transfer rate. In other words, increasing the wave amplitude enhances the average Nusselt number, indicating

improved overall heat transfer performance for the wavy surface.

(4/Gry) 2 DNy,

0.6 . . . . . . .
0 0.5 1 1.5 2.5 3 3.5 4

N

Fig. 8. Axial distribution of the local Nusselt number (4/ Gr, )1/2(n+1) Nu_
for Q=0.1, Ri=50, Pr=10, and different power-law indices.
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(4/Gry) "2 DN,

Fig. 9. Axial distribution of the average Nusselt number for Q=0.1,
Ri=50, Pr=10, and different power-law indices.

5| Conclusion

In this study, mixed convection heat transfer of a non-Newtonian power-law fluid with internal heat
generation or absorption over a vertical wavy surface was numerically investigated. To simplify the geometry,
an appropriate coordinate transformation was employed to convert the wavy surface into an equivalent flat
surface, and the governing equations were solved using the finite difference numerical method. The effects
of key physical and geometrical parameters, including the heat generation or absorption parameter, the
generalized Prandtl number, the wave amplitude, and the power-law viscosity index of the non-Newtonian
fluid, were analyzed through variations of the local and average Nusselt numbers. The main findings of the
present study can be summarized as follows:

1. For mixed convection over wavy surfaces, forced convection is the dominant heat transfer mechanism in

the vicinity of the leading edge, whereas natural convection becomes dominant in the downstream region.

II.  The rate of heat transfer from the heated surface decreases with an increase in the heat generation
parametet.

III.  Increasing the generalized Prandtl number leads to an enhancement of both the local and average Nusselt
numbers, while the skin friction coefficient decreases.

IV.  The overall heat transfer rate for wavy surfaces is higher than that for a flat surface, mainly due to the larger
effective heat transfer area provided by the wavy geometry.
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