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1|Introduction    

The natural convection flow over a surface embedded in saturated porous media is encountered in many 

engineering problems such as the design of pebble-bed nuclear reactors, ceramic processing, crude oil drilling, 

geothermal energy conversion, use of fibrous material in the thermal insulation of buildings, catalytic reactors 
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Abstract 

In this paper, we tried to find a solution for the quick transfer of atomic dump (nuclear wastes) from pools of 

cool water to dry stores in order to reduce the environmental and financial expenses of burying atomic waste 

considerably. So the velocity of heat transfer should be increased from the atomic waste materials to the area 

outside the container. Therefore, in Bottom of the pool, we can embed space with conical fins (vertically) applied 

within it, and inside the space, such fins are in a porous medium, and natural convection flow of Newtonian 

nanofluid passes upon it. In this research, we study the velocity of heat transfer by using such a special space. In 

this research, free convection boundary layer flow on a vertical cone in a porous medium for Newtonian 

nanofluid with Analytical solutions has been studied. Similarity solution for a cone subjected to Consideration 

boundary conditions is a nonlinear ordinary differential equation, which has been solved through the Homotopy 

Analysis Method (HAM). The obtained analytical solution, in comparison with the numerical ones, represents 

remarkable accuracy. The results also indicate that HAM can provide us with a convenient way to control and 

adjust the convergence region. By the way, we also calculate the Nusselt number, which is an important parameter 

in heat transfer, by obtaining an analytical solution using HAM.  
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  and compact heat exchangers, heat transfer from storage of agricultural products which generate heat as a 

result of metabolism, petroleum reservoirs, storage of nuclear wastes, etc. Consumed atomic fuels (nuclear 

wastes) are kept protectively in special small pools. The water within each small pool, in addition to cooling 

the Uranium, prevents the exit of radioactive radiation. After passing several decades, the fuels, whose 

temperature and radiation features have now reduced noticeably, exit from the small pools and are transferred 

to dry stores. In these stores, fuels are kept in metallic or concrete containers; also, in this phase, radiation 

made by fuels is still dangerous. In this phase, the duration of protecting fuels in relation to the kind of fuel 

can be variable from several years to decades, but anyway, fuels should stay in this phase long enough until 

their temperature and radiation levels reach a standard level.  

According to Olander [1], one of the researchers at MIT University of America, in this project, the consumed 

fuel, instead of being transferred to a dump, would be transferred to a big source of energy comparable to 

large strategic stores of oil. Storage of consumed fuel in dry reservoirs for several decades causes them to cool 

to a safe temperature, and after that, they can be buried in a permanent organization for burying dumps, 

which is cheaper and smaller than a recent organization, or the consumed fuel can be retrieved and reused.  

In this research, we tried to find a solution for the quick transfer of atomic dump from pools of cool water 

to dry stores in order to reduce the environmental and financial expenses of burying atomic waste 

considerably. For this reason, if the duration of protecting atomic waste materials in pools is reduced, the 

velocity of heat transfer should be increased from the atomic waste materials to the area outside the container. 

Therefore, at the Bottom of the pool, Fig. 1, we can embed a space in which conical fins (vertically) are 

applied, and inside of the space, such fins are in a porous medium, and natural convection flow of Newtonian 

nanofluid passes upon it. In this research, we study the velocity of heat transfer by using such a special space. 

 

Fig. 1. Bottom of the spent fuel pool. 

The derivation of the empirical equations that govern the flow and heat transfer in a porous medium has been 

discussed in [2]. The natural convection on vertical surfaces in porous media has been studied using Darcy's 

law by a number of authors [3–5]. Boundary layer analysis of natural convection over a cone has been 

investigated by Yih [6].  

Murthy and Singh [7] obtained the similarity solution for non-Darcy mixed convection about an isothermal 

vertical cone with fixed apex half angle, pointing downwards in a fluid-saturated porous medium with uniform 

free stream velocity. However, a semi-similar solution of an unsteady mixed convection flow over a rotating 

cone in a rotating viscous fluid has been obtained by Roy and Anilkumar [8]. The laminar steady nonsimilar 

natural convection flow of gases over an isothermal vertical cone has been investigated by Takhar et al. [9].  
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  The development of unsteady mixed convection flow of an incompressible laminar viscous fluid over a 

vertical cone has been investigated by Singh and Roy [10] when the fluid in the external stream is set into 

motion impulsively, and at the same time, the surface temperature is suddenly changed from its ambient 

temperature. An analysis has been carried out by Kumari and Nath [11] to study the non-Darcy natural 

convection flow of non-Newtonian fluids on a vertical cone embedded in a saturated porous medium with 

power-law variation of the wall temperature/concentration or heat/mass flux and suction/injection. Cheng 

[12] focused on the problem of natural convection from a vertical cone in a porous medium with mixed 

thermal boundary conditions, Soret and Dufour effects, and with variable viscosity. 

The conventional heat transfer fluids, including oil, water, and ethylene glycol, etc., are poor heat transfer 

fluids, since the thermal conductivity of these fluids plays an important role in the heat transfer coefficient 

between the heat transfer medium and the heat transfer surface. An innovative technique for improving heat 

transfer by using ultrafine solid particles in the fluids has been used extensively during the last several years. 

Choi and Eastman [13] introduced the term "nanofluid" to refer to these kinds of fluids by suspending 

nanoparticles in the base fluid.  

Khanafer et al. [14] investigated the heat transfer enhancement in a two-dimensional enclosure utilizing 

nanofluids. The convective boundary-layer flow over vertical plates, stretching sheets, and moving surfaces 

has been studied by numerous researchers and in the review papers Buongiorno [15], Daungthongsuk and 

Wongwises [16], Oztop and Abu-Nada [17], Nield and Kuznetsov [18], [19] Ahmad and Pop [20], Khan and 

Pop [21], Kuznetsov and Nield [22], and Bachok et al. [23]. 

In recent years, significant research efforts have been devoted to the study of nanofluid flow and heat transfer 

over vertical cones embedded in porous media. Alqurashi and Hassan [24] employed artificial intelligence 

neural network modeling to investigate radiative nanofluid flow via a vertical cone in a porous medium with 

activation energy effects. Gomathi and De [25] analyzed entropy optimization on EMHD Casson Williamson 

penta-hybrid nanofluid over a porous exponentially vertical cone.  

Kodi et al. [26] examined the influence of MHD mixed convection flow for Maxwell nanofluid through a 

vertical cone with porous material in the presence of variable heat conductivity and diffusion. Ragulkumar et 

al. [27] studied natural convective dissipative different nanofluid flow past a vertical cone with heat and mass 

transfer. Yashodha et al. [28] analyzed the convective flow of water-ethylene glycol (50:50) based nanofluid 

over a spinning down-pointing vertical cone in a Darcy porous medium.  

Rana et al. [29] revisited the Cheng–Minkowycz problem for quadratic convective and radiative heat transfer 

in a nanofluid saturated porous medium. Hashim [30] investigated natural convection inside nanofluid 

superposed wavy porous layers using the local thermal non-equilibrium model. Furthermore, recent studies 

have explored chemically reactive magnetized flow of viscoplastic nanofluid through a vertical cone 

considering non-Darcy porous media [31], and mathematical modeling of SWCNT-and MWCNT-based 

nanofluid flow with thermal and chemically reactive effects inside a porous vertical cone [32]. Comprehensive 

reviews on nanofluid heat transfer in porous media have also been published [33]. 

From the literature survey, the primary aim of this work is to study the free convection boundary-layer flow 

past a vertical cone embedded in a porous medium filled with a nanofluid, the basic fluid being a Newtonian 

fluid, by using similarity transformations. The Ordinary differential equations (ODE) are solved by the 

Homotopy Analysis Method (HAM). The effects of the parameters governing the problem are studied and 

discussed. 

2|Mathematical Formulation of the Problem 

Consider the problem of natural convection about a downward -pointing vertical cone of half angle φ 

embedded in a porous medium saturated with a Newtonian power-law nanofluid. The origin of the coordinate 

system is placed at the vertex of the full cone, with x being the coordinate along the surface of the cone, 

measured from the origin, and y being the coordinate perpendicular to the conical surface Fig. 2. The 
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  temperature of the porous medium on the surface of the cone is kept at constant temperature Tw. The ambient 

porous medium temperature is held at constant temperature T∞. The nanofluid properties are assumed to be 

constant except for density variations in the buoyancy force term. The thermo-physical properties of the 

Newtonian nanofluid are given in Table 1 (see Oztop and Abu-Nada [17]).  

Assuming that the thermal boundary layer is sufficiently thin compared with the local radius, the equations 

governing the problem of Darcy flow through a homogeneous porous medium saturated with power-law 

Newtonian nanofluid near the vertical cone can be written in two-dimensional Cartesian coordinates (x,y) as: 

where u and v are the volume-averaged velocity components in the x and y directions, respectively, T is the 

volume-averaged temperature, and g is the gravitational acceleration. a=φ=0 corresponds to flow over a 

vertical flat plate. A = φ = 1 corresponds to flow over a vertical cone. Property ρnf and µnf are the density and 

effective viscosity of the nanofluid. Kd is the modified permeability of the porous medium. Furthermore, αnf 

and  βnf  are the equivalent thermal diffusivity and the thermal expansion coefficient of the saturated porous 

medium, which are defined as (see Khanafer et al. [14]): 

 

 

 

 

 

 

 

 

Fig. 1. A schematic diagram of the physical model. 
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  Table 1. Thermo-physical properties of water and nanoparticles [17]. 

 

 

 

 

Here ϕ is the solid volume fraction. The associated boundary conditions of Eqs. (1)-(3) can be written as: 

where µf is the viscosity of the basic fluid,  ρf and ρs are the densities of the pure fluid and nanoparticle, 

respectively, (ρCp)f  and (ρCp)s are the specific heat parameters of the base fluid and nanoparticle, respectively,  

kf and ks are the thermal conductivities of the base fluid and nanoparticle, respectively. The local radius to a 

point in the boundary layer r can be represented by the local radius of the vertical cone r = xsinφ. By 

introducing the following non-dimensional variables: 

The continuity equation is automatically satisfied by defining a stream function Ψ(x,y) such that: 

where; 

Integration of the Momentum (2) we have: 

Substituting Variables (6) into Eqs. (1)–(5) with Eq. (10), we obtain the following system of ODE: 

Along with the boundary conditions: 

Number Material Physical Properties 

ρ (kg/m3) CP (J/KgK) k (W/mK) βx105 (k-1) 

1 Pure water 997.1 4179 0.613 21 
2 Copper (Cu) 8933 385 401 1.67 
3 Silver (Ag) 10500 235 429 1.89 
4 Alumina (Al2O3) 3970 765 40 0.85 
5 Titanium (TiO2) 4250 686.2 8.9538 0.9 
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Finally from Eqs. (10)-(12) we have: 

It is of interest to obtain the value of the local Nusselt number, which is defined as: 

where qw for the case of prescribed wall temperature can be computed from: 

From Eq. (15), Eq. (16), Eq. (6), and Eq. (8) it follows that the local Nusselt number is given by: 

3|Applications 

Consider the governing equation of Newtonian nanofluid flow and heat transfer of a cone embedded in a 

porous medium, which is expressed by Eq. (13), considering the boundary conditions. Consider the equation 

that prescribes the wall temperature case, which is expressed by Eq. (13). We define a nonlinear operator as 

follows: 

where qε[0, 1] is the embedding parameter, ħ ≠ 0 is a nonzero auxiliary parameter. As the embedding 

parameter increases from 0 to 1, U(η,q) varies from the initial guess U0(η) to the exact solution U(η); 
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  HAM can be expressed by many different base functions [24], according to the governing equation; it is 

straightforward to use a set of base functions: 

In the form 

That bn is a coefficient to be determined. Besides determining a set of base functions, the auxiliary function 

H(η), initial approximation U0(η), and the auxiliary linear operator L must be chosen in such a way that all 

solutions of the corresponding high-order deformation equations exist and can be expressed by this set of 

base functions, and the other expressions, such as ηn sin(mη), must be avoided. This provides us with the so-

called rule of solution expression [34]. It should be noticed that terms like ηpe−mη|p, m > 0 do not belong to 

the so-called secular terms such as (ηpsin(mη), ηpcos(mη)) because the term ηpe−mη|p, m > 0 tends to zero as 

η→∞ [34]. We choose a linear operator, as below: 

With the property 

where c1, c2 and c3 are integral constants. We must choose an initial guess of U(η) so that it prevents divergence 

of answers. According to the discussed limitation and under the rule of solution expression and initial 

conditions, we choose an initial guess in the form: 

The zero-order deformation equation is: 

According to the rule of solution expression denoted by Eq. (24) and from Eq. (28), the auxiliary function 

H(η) can be chosen as follows: 

Differentiating (28), m times with respect to the embedding parameter q and then setting q = 0, and finally 

dividing them by m!, and from Eq. (19), and Eq. (26), we have the so-called mth-order deformation equation 

for m≥1: 
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and 

It is time to choose H(η) uniquely under the rule of solution expression and the rule of coefficient ergodicity 

[24]. So we have to choose {p=0, m=-1}. Consequently, the corresponding auxiliary function was determined 

uniquely, H(η)=e− η. We now successively obtain: 

3|Convergence of Homotopy Analysis Method Solution  

We should ensure that the solution converges. Note that we still have freedom to choose the auxiliary 

parameter ħas pointed out by Liao [24], the convergence region and rate of solution series can be adjusted 

and controlled by means of the auxiliary parameter ħ.  

In general, by means of the so-called ħ-curve, it is straightforward to choose an appropriate range for ħ that 

ensures the convergence of the solution series. To influence of ħ on the convergence of solution, we plot the 

so-called ħ-curves of f(η), by 17th-order approximation of solution for Cu-water, Ag-water, Al2O3-water, and 

TiO2-water in ϕ=0.1, as shown in Figs. 3-6. It is easy to discover that the valid region of ħ is -1.5 ≤ħ≤0. 

Moreover, increasing the order of approximation increases the range of acceptable values of ħ. 
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 Fig. 3. The h-curve by 17th-order approximation for Cu-water. Φ=0.1.  

 

Fig. 4. The h-curve by 17th-order approximation for Ag-water. Φ=0.1. 

 

Fig. 5.The h-curve by 17th-order approximation for Al2O3-water. Φ=0.1. 
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Fig. 6. The h-curve by 17th-order approximation for TiO2-water. Φ=0.1. 

4|Results and Discussion  

In this study, we have presented similarity reductions for the effect of a nanoparticle volume fraction on the 

free convection flow of nanofluids over a vertical cone via similarity transformations. The HAM solutions of 

the resulting similarity reductions are obtained for the original variables, which are shown in Eq. (13) along 

with the boundary Conditions (14), by using the HAM. The physical quantity of interest here is the Nusselt 

number  Nux, and it is obtained and shown in Eq. (17). The distributions of the velocity f ′(η), Eq. (13) and 

the Nusselt number in the cases of Cu-water, Ag-water, Al2O3-water, and TiO2-water are shown in Figs. 7–

14. The computations are carried out for various values of the nanoparticles' volume fraction for different 

types of nanoparticles, when the base fluid is water. Nanoparticles volume fraction ϕ is varied from 0 to 0.2. 

The nanoparticles used in the study are from Copper (Cu), Silver (Ag), Alumina (Al2O3), and Titanium oxide 

(TiO2).  

Table 2 depicts the heat transfer rate θ′(0) for various values of nanoparticles volume fraction ϕ for different 

types of nanoparticles when the base fluid is water. Figures show the effects of the nanoparticle volume 

fraction φ on the velocity distribution in the cases of Cu-water, Ag-water, Al2O3-water, and TiO2-water when 

ϕ = 0, 0.025, 0.05, 0.075, 0.1, 0.125, 0.15, 0.175, 0.2. It is noted that the velocity along the cone increases with 

the nanoparticle volume fraction in the four cases; the velocity distribution in the case of Ag-water is larger 

than that for Cu-water, Al2O3-water, and TiO2-water. We can show that the change of the velocity distribution 

when we use different types of nanoparticles from Figs. 7-10, which depicts that the Ag-nanoparticles are the 

highest when the base fluid is water and when ϕ = 0.1. Thus, the presence of the nanoparticles' volume 

fraction increases the momentum boundary layer thickness. 

Fig. 7. Effect of ϕ=0.1 on velocity distribution f ′(η) in the case of Cu-water. 
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Fig. 8. Effect of ϕ=0.1 on velocity distribution f ′(η) in the case of Ag-water.  

 

 

Fig. 9. Effect of ϕ=0.1 on velocity distribution f ′(η) in the case of Al2O3-water. 

 

Fig. 10. Effect of ϕ=0.1 on velocity distribution f ′(η) in the case of TiO2-water. 
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  Table 2. Values of -θ′(0) for various values of ϕ. 

 

 

 

 

 

 

Figs. 11-14 shows the variation of the reduced Nusselt number with the nanoparticles volume fraction ϕ for 

the selected types of nanoparticles. It is clear that the heat transfer rates decrease with the increase in the 

nanoparticles volume fraction ϕ. The change in the reduced Nusselt number is found to be lower for higher 

values of the parameter ϕ. It is observed that the reduced Nusselt number is higher in the case of Ag-

nanoparticles and next unanoparticles, TiO2-nanoparticles, and Al2O3-nanoparticles. Also, Figs. 11-14 and 

Table 2 show that the values of θ′(0) change with Newtonian nanofluid changes, namely, we can say that the 

shear stress and heat transfer rate change by taking different types of nanofluid. Furthermore, this depicts 

that the Newtonian nanofluids will be very important materials in the heating and cooling processes. 

Fig. 11. Effects of the nanoparticle volume fraction ϕ on 

dimensionless heat transfer rates in the case of Cu-water. 

Fig. 12. Effects of the nanoparticle volume fraction ϕ on 

dimensionless heat transfer rates in the case of Ag-water. 

 

 

ϕ Material 

Copper (Cu) Silver (Ag) Alumina (Al2O3) Titanium (TiO2) 

0.025 0.45575120 0.45465451 0.45573793 0.45706440 
0.05 0.45498519 0.45279643 0.45494967 0.45761224 
0.075 0.45421398 0.45093107 0.45415178 0.45814745 
0.1 0.45345267 0.44906030 0.45335467 0.45867323 
0.125 0.45268364 0.44718110 0.45254246 0.45918932 
0.15 0.45190084 0.44529991 0.45173114 0.45969944 
0.175 0.45113710 0.44342033 0.45092252 0.46018894 
0.2 0.45036219 0.44152570 0.45011013 0.46067544 
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Fig. 13. Effects of the nanoparticle volume fraction ϕ on 

dimensionless heat transfer rates in the case of Al2O3-water. 

 

Fig. 14. Effects of the nanoparticle volume fraction ϕ on 

dimensionless heat transfer rates in the case of TiO2-water. 

 

5|Conclusion 

In this work, an analytical analysis on the steady free convective flow of Newtonian nanofluids past a vertical 

cone placed in a porous medium was considered, with the objective of improving the heat transfer rate of the 

system as required for removing heat in the cooling of spent nuclear fuel pools. By employing the similarity 

transformation technique, the governing partial differential equations were transformed to ordinary nonlinear 

differential equations, which were solved successfully by means of the HAM and found to give very good 

results with controllable convergence using the auxiliary parameter ħ. 

The main conclusions drawn are as follows: 

I. Increased velocity: The increase in nanoparticle volume fraction (φ) leads to increased velocity for all the 

nanofluids considered (Cu-water, Ag-water, Al₂O₃-water, and TiO₂-water). 

II. Decreased heat transfer: The Nusselt number decreases with increasing φ for all nanofluids, thus implying 

increased thickness of the thermal boundary layer. 

III. Optimized nanofluid application: Ag-water nanofluid has maximum cooling Effect, while Al₂O₃-water 

nanofluid gives maximum heating effect. 
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  IV. Practical application of this study: Passive cooling processes, such as porous media with vertical cones, can 

be employed for the rapid cooling of spent nuclear fuel pools at reduced costs. 
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